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ABSTRACT \\_N_r_

One-dimensional isentropie-flow variables of partially ionized argon

have been calculated by coupling the isentropic flow equations with

the partition-function method of deriving equilibrium thermodynamic

properties. Tabulated gas properties and flow variables are presented for

stagnation conditions of 0.1, 0.5, 1.0, 2.0, and 3.0 atm pressure and tem-

peratures from 6000 to 14,000°K in 1000°K increments. The gas prop-

erties computed for this flow process include the sound speed, entropy,

enthalpy, electron concentration, ionization fraction, electrical conduc-

tivity and static-to-stagnation ratios of temperature, pressure, and den-

sity. Tabulated flow variables include velocity, mass flux, area ratio, and

Reynolds number per centimeter. Curves as well as tabulated results

are included which show the data for increments of A T/T_. of 0.01 be-

tween stagnation conditions and an exit static temperature of 1000°K.

Compared to results obtainable from perfect gas relationships (neglect-

ing excitation and ionization), the results indicate that electronic exci-

tation, and especially ionization effects, significantly alter the flow

variables, particularly at the lower stagnation pressures and higher tem-

peratures considered. However, with the exception of the effect of one

excited state (the first excited state of the ion) on the equilibrium-

composition equation, the thermodynamic properties calculated by

neglecting excitation yielded results which were within 1% of those

predicted by including excitation. _._)

I. INTRODUCTION

Argon is used extensively in shock-tube, plasma-jet, and

plasma-tunnel applications at temperatures that are suffi-

ciently high for electronically excited states and ionization

to exist. These effects may cause significant deviation

from a perfect gas, in which electronic excitation and
ionization are not considered; for instance, thermody-

namic properties become a function of pressure as well

as temperature. The difficulties encountered in measuring

equilibrium thermodynamic properties of gases or plasmas

at these temperatures are so great that these properties

must be predicted by methods of statistical mechanics.

As shown in Section II, the equilibrium thermodynamic

properties may be calculated by the partition-function

method when the energy levels and degeneracies of the
species are known.

The purpose of this investigation was to calculate flow

variables for an isentropic expansion of partially ionized

argon for stagnation conditions ranging in temperature

from 6000 to 14,000°K and in pressure from 0.1 to 3 atm.
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Equilibrium properties for argon which have been cal-

culated for this process include the sound speed, entropy,

enthalpy, electron concentration, ionization fraction, elec-

trical conductivity, and static-to-stagnation ratios of tem-

perature, pressure, and density. Local values of velocity,

mass flux, area ratio, and Reynolds number per centi-
meter, have also been calculated. The radiation-pressure

contribution to the thermodynamic properties is negli-

gible at these temperatures; however, lowering of the

ionization potential by electrostatic effects may be signifi-

cant. The argon atoms, ions, and electrons are treated as

a mixture of perfect gases which obey Maxwell-Boltzmann

statistics. However, the mixture is not a perfect gas, be-

cause the molecular weight varies and the enthalpy

becomes a function of pressure as well as temperature.

The author realizes that the equilibrium flow solution is

an idealized model of an actual flow process for which

reaction rates are indeed finite and particle transit times

may be of the order of milliseconds or less. However, the

solution of this limiting case does represent an essential

step toward the understanding of electronic excitation and

ionization effects in the flow of partially ionized argon.

A brief survey of the contributions of other investiga-

tions follows. Cann and Ducati (Ref. 1), using the ther-

modynamic properties of Gilmore (Ref. 2), calculated

equilibrium thermodynamic properties of argon at tem-

peratures from 1000 to 14,000°K in 1000°K increments

and pressures from 10 -4 to 10 atm in 0.5-atm increments

of logl,,p. Their calculations included doubly ionized

atoms. Energy levels corresponding to one electron excited

in the n = 5 shell were covered. Their results appear in

tabular form as well as on a Mollier diagram.

Bosnjakovic, et al. (Ref. 3) calculated equilibrium ther-

modynamic properties of argon, including multiple ioni-

zation, for temperatures up to 100,000°K and pressures

from 10-2 to 10'-' atm. Insufficient detail relating to the

choice of energy levels of the species makes it difficult to

assess the validity of the results, which appear as a

Mollier diagram.

Knoche (Ref. 4) made similar calculations at terri-

peratures up to 90,000°K and pressures from approxi-

mately 10 -4 to 102 atm. He included multiple ionization
and black-body radiation pressure. At 100,000°K, this

radiation contributes an additional partial pressure of

0.25 atm. Again, the choice of pertinent energy levels of

the species was not mentioned. The results are presented

in several graphs, which include a Mollier diagram.

Arave and Huseby (Ref. 5) calculated the same prop-

erties for temperatures from 3000 to 16,000°K in incre-

ments of 100°K and at pressures from 10 -4 to 102 atm in

increments of 10 atm. Their choice of energy levels of

each species is discussed in Appendix A. The results agree

very well with the results of Cann and Ducati (Ref. 1),

although only singly ionized atoms were included in their
calculations.

More recently, Baum and Cann (Ref. 6) as well as

Drellishak, Knopp, and Cambel (Ref. 7) have calculated

equilibrium thermodynamic properties of argon, includ-

ing quadruply ionized species. The results of Baum and

Cann, which appear in tabular form and as a Mollier

diagram, range between 1000 and 25,000°K in 1000°K
increments and between 10 -4 and 102 atm in 0.5-atm in-

crements of log,o p. The findings of Drellishak, Knopp,

and Cambel appear in tabular form and range between

5000 and 35,000°K in 100°K increments for pressures of

0.1, 0.5, 1.0, 2.0, and 5.0 atm. In both investigations, allow-

ance was made for lowering of the ionization potential

due to charged-particle field interactions. Olsen (Ref. 8)

used spectroscopic measurements for selecting a best

method of treating the plasma corrections lowering the

ionization potential, terminating the partition function,

and contributing to the total pressure by means of Debye

polarization. Some of the results of these three investiga-

tions (and that of Ref. 1) are shown in Table 1 for com-

parison with thermodynamic properties calculated in this

investigation. From the singly ionized gas model used

here, properties are predicted which are within lg of those

cited in the other investigations at 10,000°K; whereas, at

14,000°K and 1 atm, enthalpies are predicted which are

1, 3, and 10g lower than those of Olsen (Ref. 8), Drelli-

shak, Knopp, and Cambel (Ref. 7), and Baum and Cann

(Ref. 6), respectively. This departure is apparently a result

of lowering the ionization potential, which increases the

ion mass fraction and, hence, the energy associated with

ionization at a given temperature and pressure. No at-

tempt will be made here to reconcile the log spread in

predicted enthalpy cited in these investigations. The re-

suits of Cann and Ducati (Ref. 1), including doubly ion-

ized atoms but not lowering of the ionization potential,

are within 0.2_ of the results of this investigation and

hence show how insensitive the properties of partially

ionized argon are to multiple ionization for the limited

temperature and pressure range of this study.

Although Mollier diagrams of the type shown in Refs.

1 through 4 are quite versatile in defining the equilibrium

state of a gas by following its thermodynamic processes,

in published form they do not reflect the accuracy of the

state of the art of the present theories, which are generally

within 1_ agreement below 10,000°K (at 1 atm). Further-

2
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more, time-consuming iterative calculations are required

to determine the sonic conditions for the isentropie flow

process. The results of the calculations given here facili-

tate the use of these flow variables for purposes of

analysis. Since there is some experimental and theoretical

evidence (Refs. 9 and 10) that certain argon plasma flows

near I atm pressure and 10,000°K temperature are in

thermodynamic equilibrium, information of this kind is

quite valuable in arc-jet performance and heat-transfer

calculations. At lower pressures, where nonequilibrium
conditions may exist, the equilibrium values can serve as
a reference.

II. THERMODYNAMIC PROPERTIES DETERMINED BY PARTITION-FUNCTION METHOD

The theory underlying the use of partition functions for

calculating thermodynamic properties of a gas is de-

scribed in Refs. 11 and 12. This method is briefly outlined

below and then applied to singly ionized argon.

For a system of N indistinguishable particles, the in-

ternal energy and entropy are related to the partition
function as

_ In Qn_
U= kT _\ _T ]v (1)

U

S = k In QN + -_ (2)

The partition function for a system of N particles, QN, is

related to the partition function per particle Q as,

N

QN= -_. (3)

By choosing one mole of particles, N = No, and the defini-

tion of enthalpy, Eqs. (1), (2), and (3) may be combined

to Held the enthalpy and entropy per mole in terms of

the partition function per particle,

(4)

S = 6Rln_-_Q_ + H
¥ (5)N0

Stirling's formula, In N! -----N In N - N, has also been

used in deriving Eqs. (4) and (5).

By assunfing that the translational and internal degrees

of freedom are independent, the partition function per

particle may be written as the product of translational
and internal parts:

Q -- QtrQ+,, (6)

Then, by methods of statistical mechanics, it is found that

the translational part is

= _'2=mkT_+/"-'
Qt, \_,] v (7)

where V is the volume occupied by the particle whose

temperature and mass are T and m, respectively and h is

Planck's constant. Similarly, the internal part of the par-
tition function is found to be

Qint _- I_ ('-)(i)_., (8)
i

where

(9)

Equation (9) represents a sum over all internal energy

states due to the ith type of internal energy of the particle;
i.e., rotational, vibrational, and/or electronic excitational.

Only electronic excitation is pertinent to a monatomic gas

and, as nuclear effects are negligible, the superscript i
will be omitted from c_i) Since certain of the elec-_int"

tronic energy states E, are very closely spaced or are, in

fact, degenerate, a number g, of them are counted as

degenerate at the nth energy level. Then, Eq. (9) may be
written as

( _o_ _ g. exp (E____)Q,,t = exp - -_--_] .... o (]0)

3
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Hence, the partition function per particle becomes

/2=mkTV/2 exp/ _o\__, _--_) / E.\Q i--v-) v
(11)

The energy levels E, and degeneracies g, are given in

Appendix A. The energy level _,, is the zero-point energy

of the particle above an arbitrarily chosen zero-point

energy level for all particles and is also given in Appen-
dix A.

It is desirable to express the volume V in Eq. (11) in

terms of pressure and temperature. By combining the first

and second laws of thermodynamics for a reversible

process and using the definition of the Helmholtz free

energy, A = U - TS, the pressure may be calculated as

(+A)p =- -_ T (12)

The Helmholtz free energy per mole is

A= -_T(InQ + 1) (13)

Hence, the equation of state for 1 mole of indistinguish-

able particles becomes

By combining Eqs. (4) and (11), the enthalpy becomes

5 _°g_E+exp---_ +d;o (18)
H:-_T + _ / E,+ \

Y+ g, exp - _--_},=0 _ +_Kl/

The last two terms of Eq. (18) represent the contribution
of electronic excitation and ionization to the enthalpy of

an arbitrary species. The enthalpy of each species may be

written at once from Eq. (18) and Appendix A as

H (A) 5 (12)(135000)exp (1_000)
- +

YRT 2 T[I+ 12exp ( 135000)1

(19)

H (A ÷) _ 5

_T 2

(2060) exp (2_--60) + (156200) exp (+
T[2 + exp( 2l_0)+exp(

182900

T

15_00)]

(20)

dRT H (e-) 5 (21)
P = T (14) _T - 2

The partition function of each species, A, A +, and e-,

for the argon atom, argon ion, and free electron, proceeds

directly from Eq. (11) and Appendix A. Since the loga-

rithm of the partition function divided by Avogadro's

number will be used frequently, it is convenient to express
the results as

In Q(A) _ 51nT+1.866
No 2

In Q (A+)
No

+In[l+12exp( 13_)0-)]--lnp (15)

5 ln[4+ 2exp(2_0)lnT+ 1.866 + -- -

( 15_00)3 182900+2exp - _ ---lnp (16)

Q (e-) .5
In = _ In T - 14.24 - In p (17)

The entropy of each species is calculated from Eq. (5),
which is in terms of the species partition function and

species enthalpy already calculated. Thus, the entropy

per mole of any species i is

S(i) _in Q(i)+ H(i) (22)

The partition function for a mixture of gases obeying
Maxwell-Boltzmann statistics (Ref. 12), i.e., for argon

atoms and ions and free electrons, is

QN = ]-I Q (i)N(')
, N (i)t

__ Q (A) N(A) Q (A+) N`A÷)Q (e-) N(*-)

N (A)I N (A+)! N (e-)I
(23)

The total number of particles is

N = N(A) + N(A ÷) + N(e-)

4
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By substitution of Eq. (23) into Eqs. (1) and (2) and

by use of the definition of enthalpy, it can be shown

that except for the entropy, the properties per mole of

this reacting gas mixture may be simply calculated by

summing the species properties previously obtained for a

mole of indistinguishable particles. In generalizing Eqs.

(1) and (2) to a mixture, the number of each species N(i)

is held constant, along with the volume V, in performing

the differentiation of Eq. (23). The mixture properties per
mole, N -- No, become

H = X X(0H(0 (24)
i

S = _ [X (i) S (i) - _X (i) In X (i)] (25)
i

where the summation is over the component species A,

A ÷, and e-, and the values of H(i) and S(i) are obtained

from Eqs. (19), (20), (21), and (22). The second term in

the brackets of Eq. (25) is conventionally called the

entropy of mixing term. The mole fractions X(i) may be
expressed in terms of the ion mass fraction

Ot

p (A +) m (A ÷) N (A ÷)

0 m (A) N (A) + m (A +)N (A ÷) + m (e-) N (e-)

(25)

Neglecting the mass of the electron compared to that of

the ion, a becomes

N(A ÷) N(e'-) N(e-)

a-- N(A) +N(A +) N(A)+N(A +) N(n)

(26)

where N(n) is the number of nuclei in one mole No of the

mixture. The second equality in Eq. (26) follows from the

fact that the gas is singly ionized and neutral. Noting that

and ,,¢_,_g Eqs. ¢9._ and ¢_6_ th_ atom mass fraction
becomes

N(A)

1 - _ = _-_ (27)

Using Eqs. (26) and (27) and the definition of mole
fraction X (i) = N (i)/No, the X (i) become

N (A) (1 - a) N (n) 1 -- a

X(A)- No -- N(n) +N(e-)-- 1 +a (28)

aN (n) a

X(A ÷)=X(e-)= N(n)+N(e-) l+a (29)

For applications of our interest the enthalpy and en-

tropy per unit mass rather than per mole, is a more con-

venient quantity. Expressed in nondimensional form and

written out in full, they become

H

R--'T = (1 + ,_) _T

B
RT

_ 5 oL

(1 + a) + 182900 _2

(12) (135000) exp 135000

+ (1--a) l T[1 + 12ex p -- (_---)] _

+ aI_ (2060)exp- 2060+T[2+ (exp(T)2_0)+(156200) exp(exp(_ 1__ 15_--200) 1

(30)

S S

----(1 + a)

_ m

S H T _/2 a

R - RT + ln--p - 182900

[(1+,,)'+_ ]+ In (i-a) _-" a-_" -- 14.24,, + 1.866 (31)

+ (1 - a)ln[1 + 12exp( 135000)]

+aln[4+2exp(----_)+2exp( 15_00)]

where R is the gas constant per unit mass of argon, T is

in degrees Kelvin and p is in atmospheres. In addition,

the fact that the ratio of the unionized to ionized gas

molecular weights is (1 + a) has also been used in obtain-

ing Eqs. (30) and (31) (see Eq. 37).

The Helmhotz free energy of the mixture needed to
calculate the pressure, becomes

A = X [X(i)A(i) + _TX(i)lnX(i)] (32)
i

5
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The pressure is calculated from Eq. (12), in which X(i) as

well as T is held constant in performing the differentia-
tion. The result is

_T y. X (i) _T
V = --Y--7 =-V-

(33)

which is seen to be an expression of Dalton's law of partial

pressures for one mole of gas mixture. Rewriting Eq. (33)
in terms of the ion mass fraction a, the equation of state
becomes

P = (1 + a)pRT (34)

The gas constant per unit mass of argon R is written

n -- _ (35)

Since the equation of state may also be written as

p = p _ T (36)

where (B_ refers to the molecular weight of the ionized

gas, Eqs. (34), (35), and (36) yield

on7
= (1 + a) (37)

This expression was used in obtaining Eqs. (30) and (31)

for the mixture enthalpy and entropy.

As a consequence of applying equilibrium thermody-

namics to a reaction, the Gibbs free energy change be-

tween the products and reactants in their standard state

of unit pressure AF" is related to the pressure equilibrium
constant K as

AF ° = -- _T In K (38)

The Gibbs free energy, defined as F =- H - TS, written

for 07 (i) moles of the ith species is derived from the

species entropy and enthalpy expressions on a per-mole

basis (Eqs. 4 and 5) by replacing No by 0_ (i)No. The
result is

F(i) = --OT(i)_TIln-_, - ln07(i)l (39)

Applying Eqs. (38) and (39) to the ionization reaction,
A _=_A + + e-, the Gibbs free energy change at unit pres-
sure becomes

_xF° = F ° (A ÷) + F ° (e-) - F ° (A)

QO (A +) Q0 (e-)

No No
= -- _T In

Q°(A)

No

(40)

The equilibrium constant in Eq. (38) is, by definition,

K - p (A÷) p (e-) (41)
p(A)

The partial pressures in Eq. (41) may be expressed in

terms of mole fractions by Dalton's law to obtain

£1_2

K = p 1 - a _ (42)

Combining Eqs. (40) and (42), the equilibrium composi-

tion equation becomes

a2 [" 2=m___(e-) T/'+ T 5/.+1 +- az - 2 L h2 k5/3 p Q,,PQ+,,t(A+)(A) (43)

The argon ion and atom mass have been assumed equal

in Eq. (43), and the electron internal partition function

which reduces to the spin degeneracy of 2 has been used.

By substituting the values of the internal partition func-

tion and expressing the constant terms in units consistent

with temperature in degrees Kelvin and pressure in at-
mospheres, Eq. (43) becomes

a z T _/2 (18_00)1 - a 2 - 0.654 × 10 -6 --exp --P

4+2exp( 2_0/+2exp(15_00)
×

1+ 12exp( 13_00)

(44)

6
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IIh FLOW

In this Section, the results of equilibrium thermody-

namics obtained in Section II for partially ionized argon

are combined with the conservation equations for one-

dimensional, varying-area, adiabatic, inviscid flow. As a

consequence of these assumptions, the flow is isentropic.

S --- ST (constant) (45)

The conservation equations are as follows:

Continuity:

puA = rh (constant) (46)

Energy:

U 2

+-_- = fir (constant) (47)

EQUATIONS

The momentum equation is not needed explicitly, since

for isentropic flow, it is automatically satisfied by the

energy equation.

The Mach number was calculated from its defining
relation

U

M = -- (48)
ae

The equilibrium sound speed was calculated from

ae2-----(_pp ) _ (49)

The equations in this Section and in Section II were

solved simultaneously on an IBM 7090 computer to yield
the isentropic flow variables discussed in Section IV.

IV. RESULTS

The bulk of the results of this analysis appears in tab-

ular form as Appendix D. Immediately preceding the
tabulated results is a description of the tabular format
which explains the nomenclature and units used on the

printout. Table 1 shows the thermodynamic properties at
stagnation conditions and Table 2 contains conversion

factors. Curves drawn from the computer results follow

the Appendixes. Briefly, the calculation procedure was as
follows:

1. Stagnation pressure and temperature were pre-

scribed for a particular case and, with _ obtained

from Eq. (44), the entropy was calculated from

Eq. (31) and subsequently held constant for the

entire computation of the case.

2. A temperature below the stagnation value was then

chosen, and the total entropy equation, Eq. (31), was

solved simultaneously with Eq. (44) to yield values
of pressure and ionization fraction.

3. Step 2 was repeated at consecutively lower values of
temperature do_aa to 1000°K. Hence, the state of the

gas was known throughout the isentropic process.

4. A mass-t_ux (pu) distribution was computed to locate

the maximum pu, which is also the sonic condition

for each case. A Mach number of unity at the sonic
condition served as a check for this calculation.

Figures 1 and 2 show the effect of electronic excitation

and ionization on temperature ratio and pressure ratio as

a function of area ratio for stagnation conditions of

10,000°K and 0.1 and 1.0 atm. At any given area ratio, it

may be seen that the temperatui'e and pressure ratios are
above the perfect-gas values for wfiich electronic excita-

tion and ionization are neglected. As stagnation pressure

is decreased, the values deviate further from the perfect-

gas results. Although not shown on these Figures, the

values also deviate further from perfect-gas results as

the stagnation temperature is increased. Temperature and

pressure ratios are within lg of the perfect-gas values
for stagnation temperatures less than about 7000°K for the

stagnation-pressure range considered.

Figure 3 shows the deviations of ma_mum mass flux

values from those calculated for the perfect-gas conditions.

7
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Fig. 1. Static-to-stagnation-temperature ratio as a

function of area ratio at IO,O00°K stagnation

temperature

In Fig. 4, the same variables are plotted, except that in

this case, the ionization fraction is assumed constant at

the stagnation conditions and electronic excitation is

neglected. Figure 4 shows that the mass flux ratio appears

to be approaching a minimum at the higher temperatures.

This trend occurs because the gas is highly singly ionized

(a --0.2 to 0.8). If the stagnation temperature were in-

creased appreciably above the value which yields ar _- 1,

the singly ionized gas model would predict a* -- 1 also.

(Figure 9 shows the beginning of this trend.) By

neglecting the small effect which excitation has on cp,

(pu)*/(pu)*,, would be 1 again because the gas is frozen,

with a = 1 between the stagnation and sonic conditions. Of

course, at the high temperatures at which (eu)*/(ou)* o -- 1,

the singly ionized gas model is no longer valid. However,

due to the fact that the first and second ionization poten-

tials are separated by about 12 ev, even at 14,000°K and

0.1 atm (a -- 0.8), the doubly ionized ion mass fraction is

less than 10 4; hence, the singly ionized gas model may be

k

O

I--

td

LtJ
cr

IO o

6

'!  ,omz.i__'--(P/Pr).... PT =0.Iotto

4 _ r)lbnized' PT = 1.0 atm --

icrZ

s (P/Pr)_-_ "_ _
6 L "_

INo,ON,ZAT,O.O.-"" ".-.
4 ELECTRONIC EXCITATION)-

i(/3
3 I 3 5 7 9 II 13

AREA RATIO A/A _

Fig. 2. Static-to-stagnation-pressure ratio as a function

of area ratio at IO,O00°K stagnation temperature

I/J

0.9

¢L

,0.8

0.7

0.6
6OOO

PERFECT GAS MASS FLUX

(NO IONIZATION OR ELECTRONIC

EXCITATION) :

(pU)pg- const

I I i I
SO00 IOpO0

I I

/-- pT = 3.0 otm

-

12,000 14,000

STAGNATION TEMPERATURE TT,*K

Fig. 3. Ratio of ionized-gas to perfect-gas maximum

mass fluxes as a function of stagnation temperature

and pressure

expected to provide valid results even though a is quite

large.

The ratio of equilibrium sound speed to frozen-

composition sound speed is presented in Fig. 5 as a func-
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Table 2. Conversion from metric to English units

Quantity

Appendix D in
metric units

Temperature, T

Density, RHO

Electrical conduc-

tivity, SIGMA

Sound speed,
SPEED

Mass flux,
RHO*U

Velocity, U

Reynolds num-
ber, RE

Electron concen-

tration, CONC

English units

To obtain English
units in

oR

Ibm/ft 3

(_ in.) -1

ft/sec

Ibm/in. 2 sec

ft/sec

in. -t

number/in?

Metric units

From metric

units in

oK

kg/m _

(_ m) -1

m/sec

kg/m 2 sec

m/sec

cm -1

number/cm _

Conversion factor

Multiply metric

quantities by

1.800

0.06243

0.02540

3.281

1.422 X 10-_

3.281

2.540

16.39

1.0

*o

o

,_ 0.9
OC

I I

/_#T = 3.0 arm

FROZEN-FLOW MASS FLUX
(IONIZATION FRACTION CONSTANT

AND NO ELECTRONIC EXCITATION): --

(pU); = const (l+aT) -I/2 pT/V/'_'T

0.8

600O 8000 IO,O00 I2,000 14,000

.C;TA_NATION TEMPERATURE TT, °K

Fig. 4. Ratio of equilibrium ionized-flow to frozen-flow

gas maximum mass fluxes as a function of stagnation

temperature and pressure

tion of temperature and pressure. The trends shown here
are similar to those for the mass flux ratio discussed for

Fig. 4. The equilibrium sound speed was calculated from

aZe= (_p/_p)_ by differentiation as part of the computer

program and from the closed-form approximation given

in Appendix B (Eq. B-7). The agreement was excellent

for the conditions of the tests. This implies that electronic

excitation does not noticeably affect the sound speed for

the ionization model and range of conditions considered.

Even though this is an inviscid flow analysis, it is of

interest to mention a convenient flow parameter, Reynolds

number per centimeter, which is shown in Fig. 6 at the

sonic conditions as a function of stagnation temperature

and pressure. This flow parameter, evaluated at the local

r_

w
13_

z

o

F_
w
N

0
Z

0.96

0.92

0.86

0.84

0.82

6000 7000 8000 9000 I0,000 I1,000 12,000 13,000 14,000

TEMPERATURE T, °K

Fig. 5. Ratio of equilibrium to frozen-flow sound speed

as a function of pressure and temperature (Eq. B-7)

static conditions, lies between 400 and 11,000 cm -1 over

the range of stagnation temperatures and pressures con-

sidered. Because of the marked ionized gas effect on pre-
dicted viscosity (Ref. 5), shown in Fig. 7, the Reynolds

number per centimeter attains a minimum value for each

stagnation pressure. Had a conventional power-law rela-
tion between viscosity and temperature been assumed,

(Re�D)* would have decreased monotonically with in-
creasing temperature.

The ionization fraction, which lies between 1.4 )< 10 -2

and 0.8 for the range of stagnation conditions considered,

is shown as a function of temperature and pressure in

Fig. 8 and a function of area ratio in Fig. 9. A comparison

of these values of _ (Fig. 8) with those calculated by the

method proposed by Saha (Ref. 13.), shows that the Saha

equation values of a at 0.1 atm are 30 to 55_ of the values

of a predicted here between 6000 and 14,000°K. The Saha

equation, which does not include the degenerate energy

levels or electronic excitation, can be obtained from Eq.
(43) by equating the internal partition-function terms to

unity. An improvement to the Saha equation can be made

by including the ground-state-degeneracies value of 8 as

the sole internal partition-function contribution. The pre-

diction, which includes this correction, yields values of a

ranging between 86 and 96% of those calculated by in-

cluding the excitation terms. Several other investigators

11
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Fig. 6. Reynolds number per centimeter at the sonic

condition as a function of stagnation temperature

and pressure

include ground-state degeneracies and further assume

that the excitation terms are frozen at a temperature

typical of the temperature level under consideration. This

prediction compares more favorably than the others but

has limited utility if deviations larger than 1_ are un-

desirable. From Eq. (44), it is seen that only one of the

excitation terms is of importance, so that the composition

equation may be written in the following form:

az T_/z (182900)1 az 1.308 × 10-6 exp- p

(50)

where the units are T, °K and p, atm. For the stagnation

conditions considered, this equation yields values of a

0 2000 4000 6000 8000 I0,000 12,000 14,000

TEMPERATURET, OK

Fig. 7. Viscosity of argon as a function of temperature

and pressure

which are within 0.1% of those predicted by Eq. (44), in-

cluding all excitation terms. Thus, Eq. (50) may be used

instead of the predictions, which are not uniformly valid

in this temperature and pressure range.

The question naturally arises as to whether or not the

enthalpy and entropy equations (Eqs. 30 and 31) may be

similarly reduced in complexity without compromising

their validity. Table 1 shows the values of enthalpy and

entropy calculated by neglecting excitation but using the

composition equation (Eq. 50), which includes the effect
of one excited state. A comparison shows that the en-

thalpy and entropy are less than 0.5 and 1.0% (respec-

tively) lower than those values (reported here as shown

in Table 1) calculated by including all excitation terms.

The resulting enthalpy and entropy equations are

5
R'--T----2 (i + a) + 182900-_ (51)

Ts/._

I _ l+a
-- (1 + a>In a-z=]

(1+ )
-_ _+ln
R p (i -- a) _-_ .J

-- 10.354a + 4.366 (52)

12
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Fig. 8. Ionization fraction as a function of temperature

and pressure (Eq. 44}

where the units are T, °K and p, atm. Thus, Eqs. (50),

(51), and (52) may be substituted for Eqs. (44), (30), and

(31) for composition, enthalpy, and entropy of singly ion-

ized argon when 1_ accuracy is suflqcient. These values of

enthalpy and entropy are shown in Table 1 for purposes

of comparison with other predictions. Ionization fraction

is not shown, since the agreement between the prediction

and the simplified composition equation (Eq. 50) was

within 0.11_.

,ooo039,13,000 0.230
12,000 0.118

  ,oooo o o0 ,o,-6,000 0.239x10 -4

\
\

SUBSONIC _ -e_SUPERSONIC
/ I

6 2 I 2 14 6 8 10

AREA RATIO A/A*

Fig. 9. Ratio of static-to-stagnation ionization fraction

as a function of area ratio for a stagnation pressure of

1.0 atm

Figure 9 shows the ratio of static-to-stagnation ioniza-

tion fractions as a function of area ratio for several stag-

nation temperatures and 1 atm stagnation pressure. At

high stagnation temperatures, the static temperature and,

hence, the ionization fraction, decrease less rapidly due

to the fact that increasing kinetic energy does not occur

solely at the expense of decreasing static enthalpy or tem-

perature but includes ionization energy being returned

to the flow process. At low stagnation temperatures,

ionization fraction decreases rapidly, as does the tem-

perature, since a negligible amount of ionization energy

is present.

The electrical conductivity _, calculated from the re-

suits of Ref. 14 given as Eq. (C-1) in Appendix C, is

shown as a function of temperature and pressure in Fig.

10. The electrical conductivity lies between 2 X 102 and

8 X 103 mhos/m for the temperature and pressure range

13
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Fig. 10. Electrical conductivity as a function of

temperature and pressure (Eqs. 44 and C-1)

considered. In Fig. 11, the electrical conductivity is shown

at the sonic conditions a* as a function of stagnation tem-

perature and pressure.

In these Figures the electrical conductivity increases

directly with a; thus, the trend of a vs T is similar to that

of the ionization fraction shown in Fig. 8. At high tem-

peratures, the pressure dependence is inverted from that

at low temperatures. These trends are a consequence of

the assumed conductivity model. In this model, the con-

ductivity of a slightly ionized gas, which varies inversely

J=
E

%
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Fig. 11. Electrical conductivity at the sonic condition as

a function of stagnation temperature and pressure

with pressure and is dominant at low temperatures, is

combined with the conductivity of a fully ionized gas,

which increases monotonically with pressure and becomes

dominant at high temperatures.

Table 1 gives the thermodynamic properties at tile

stagnation conditions for the ionization model used here.

Included also are numerous comparisons with other inves-

tigations, which, in general, agree quite well with the

singly ionized gas model below IO,O00°K,

14
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V. CONCLUSIONS

Thermodynamic properties and one-dimensional, isen-

tropic flow variables of singly ionized argon have been

calculated over the stagnation temperature and pressure

ranges of 6000 to 14,000°K and 0.1 to 3 atm, respec-

tively. Conclusions from these calculations include the

following:

1. For the range of stagnation conditions considered

here, the singly ionized gas model of argon pro-

vides thermodynamic properties that are generally

in good agreement with those of other investiga-
tions for which multiple ionization was included.

Good agreement below 10,000°K is obtained with

the results of those investigations that include lower-

ing of the ionization potential as a result of charged-
particle field interactions.

2. Electronic excitation and ionization effects become

increasingly important as stagnation temperatures

increase and stagnation pressures decrease. How-

ever, for the range of this investigation, it was found

that, except in the composition equation, electronic

excitation could be neglected and the 1% accuracy
still retained with those values predicted in which

excitation is included. As an example of these effects,

static-to-stagnation temperature and pressure ratios

are shown to be significantly higher than those cal-

culated by assuming a perfect gas (or no ionization

and electronic excitation) for stagnation conditions
of 10,000°K and 1 atm.

3. The mass flux at the sonic conditions differs signifi-

cantly from both the perfect gas (without ionization

or electronic excitation) and frozen composition

values calculated for stagnation temperatures above
about 7000°K. Thus, electronic excitation and ioni-

zation effects may be expected to influence all area-

ratio-dependent quantities significantly.

4. Reynolds number per centimeter at sonic conditions

is seen to decrease with decreasing stagnation pres-

sure, then to increase with increasing stagnation

temperature as a result of ionized gas effects on
viscosity.

5. Ionization fraction and electrical conductivity are

observed to decrease rapidly with increasing super-

sonic area ratio. However, for stagnation conditions
at high ionization levels, where translation and ioni-

zation energies are of the same order, ionization

fraction and conductivity decrease much more slowly

with increasing area ratio.

The results clearly indicate that electronic excitation

and, particularly, ionization effects are important in nearly

every aspect of defining the thermodynamic flow variables

of an isentropic, varying area flow of partially ionized

argon.

It should be pointed out that this method of calculation

can readily be extended to higher temperatures by includ-

ing additional energy levels and multiple ionization.
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APPENDIX A

Energy Levels for Ionized Argon

The energy levels of the species were obtained from

Moore (Ref. 15).

Species _o/_, °K n g,, E,,/_, °K

A

A +

e-

0

182,900

1

12

4

2

2

2

0

135,000
0

9.,060

156,200
0

The energy of the first excited state of the argon atom

represents an average of five energy levels very near

135,000°K. The infinite series of energy levels contribut-

ing to the internal partition function may be cut off after

the first few terms because of the relatively low tempera-

tures at which these calculations are made. For instance,

the highest energy levels included here contribute terms

of order e -1° to the internal partition function. The energy

levels used in this study were also employed by Arave

and Huseby (Ref. 5) to calculate the thermodynamic

properties of singly ionized argon.

APPENDIX B

Speed of Sound in a Partially Ionized Monatomic Gas

For the pressure and temperature range of this inves-

tigation, it was observed that electronic excitation had a

negligible effect on the equilibrium speed of sound. By

treating a monatomic gas as a mixture of perfect gases

comprised of atoms, ions, and electrons, and neglecting

electronic excitation, the equilibrium speed of sound may
be calculated as a function of the ionization fraction and

temperature.

The definition of the equilibrium sound speed ae is

a2 = (3_.Po),_ (B-l)

This may be combined with general thermodynamic rela-
tions to obtain

The equation of state is

p = (1 + a) pRT (B-4)

Combining Eqs. (B-2), (B-3), and (B-4) one obtains

a_2 1+ l+_-_-_]T--_a _ p

where

(B-5)

Cp

a2= (_p) _TC_p_2c_ _ _ p2\_TL (B-2)

The enthalpy used to eliminate the specific heat in

Eq. (B-2) is

5
fi = -_ RT (1 + a) + aI (B-3)

Equation (B-5) was also obtained by Renard (Ref. 16)

by a similar procedure. Unfortunately, a subsequent

error in his analysis invalidates his final results. Deriva-

tives of the ionization fraction may be eliminated by the

Saha equation,

a 2 T 5/z (I)1 - a2 -- constant--p exp -- _ (B-6)
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Then, the following is obtained:

a_

ao_

5 ( _2 /__2 (l_a)l+q- 1+ 5 RT]

[5 , l(I)Z 11+ + + S

(B-7)

Speed of sound was calculated by Eqs. (B-l) and (B-7)

and found to give identical results when a was calculated

from the computer program which included the effects of
electronic excitation. When a was calculated from the

Saha equation (Eq. B-6), the agreement was within lg.
This indicates that the effect of electronic excitation on

sound speed for the conditions in this investigation is

negligible.

APPENDIX C

Electrical Conductivity of Argon

The electron mobility and, hence, the electrical con-

ductivity are dictated by close encounters between the

electrons and neutral atoms for a slightly ionized gas as

a result of the inverse fourth-power interaction potential,

and by distant encounters between electrons and ions for

a completely ionized gas in which the Coulomb inter-

action is dominant. Lin et al. (Ref. 14) suggest that the

intermediate range between a slightly ionized gas and a

completely ionized gas can be approximated by a series-

resistance expression,

1 1 1
- +

O" O"c O"d

where a,: and ad represent the conductivities due to the

close and distant encounters for a slightly ionized and

completely singly ionized gas, respectively.

Following Ref. 14, the electrical conductivity of a

slightly ionized gas of rigid spherical atoms was taken

from Chapman and Cowling (Ref. 17) and that of a com-

pletely ionized gas from Spitzer (Ref. 18). After some

algebra one obtains

-al : 8.210 >( 10s ('_) _ey-

0.1022 (_0S03) _
+ 0.2063 × 10 --° 1 In (C-1)

!
10 ._]

The units are a, mhos/meter; T, °K; p, atm; and el, cm =.
The variation of the effective electron-atom cross-section

cY with electron temperature was obtained from a curve

in Ref. 14, which was originally obtained by Townsend

and Bailey (Ref. 19).
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APPENDIX D

Explanation of Tabular Data

I. FORMAT OF COMPUTER PRINTOUT

Each case represents a given stagnation temperature

and pressure, for which the isentropic flow properties are

then calculated. For a given stagnation pressure, nine

cases are computed, covering the range and in the order

of increasing stagnation temperature from 6000 to
14,000°K in 1000 ° increments.

Five pressures are included: 0.1, 0.5, 1.0, 2.0, and
3.0 atm; hence, a total of 45 cases are shown in the order

of increasing stagnation pressure. The sonic conditions

are given at the end of each case. The base temperature

for the thermodynamic properties is 0°K.

T (T)

p (T)/p (0)

H (T)/RT (0)

T(0)

R

S/R

RHO (T)

ALPHA (T)

SIGMA (T)

SPEED

T/T (T)

p/p (T)

II. NOMENCLATURE OF COMPUTER PRINTOUT

stagnation temperature, °K RHO/RHO (T)

stagnation pressure, atm H/RT (0)

nondimensional stagnation enthalpy M

(per unionized mole or per unit mass) RHO*U

reference temperature, 2730K
U

gas constant for argon or per mole RE

nondimensional entropy ALPHA

stagnation density, kg/m 3

stagnation ionization fraction, ion mass SIGMA

fraction CONC

stagnation electrical conductivity,

(rim) _ A/A*

sound speed, m/sec E OX

static-to-stagnation-temperature ratio

static-to-stagnation-pressure ratio

E - OX

static-to-stagnation-density ratio

nondimensional static enthalpy

Mach number

mass flux, kg/m 2 sec

flow velocity, m/sec

Reynolds number per centimeter

static ionization fraction, ion mass frac-
tion

static electrical conductivity, (f_m) -1

static electron concentration, number of

electrons/cm 3

area ratio

exponent notation meaning 10x; i.e.,
0.97484E 02 -- 97.484

exponent notation meaning 10-x; i.e.,
0.97484E - 02 = 0.0097484
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A/A*

A

A ÷

a

cp

E

_o

G-

g.

h

H

I

K

k

M

om

m

No

N

P

P

R

NOMENCLATURE

Helmholtz free energy

area ratio

argon atom

argon ion

speed of sound

specific heat at constant pressure

energy level

zero-point energy level

electron

degeneracy of nth energy level

Planck's constant

enthalpy per mole

enthalpy per unit mass

ionization potential, _0 (A ÷) :- I

equilibrium constant

Boltzmann's constant

Mach number

molecular weight

molecular weight of ionized gas

particle mass

Avogadro's number, 6.023 )< 10 z3 particles/gram-
mole

number of particles

number of moles

pressure

partition function

gas constant per unit mass of unionized species

gas constant per mole

Re/D

S

g

ol

T

U

U

V

X

X

Y(y)

ot

p

Reynolds number per unit length

entropy per mole

entropy per unit mass

collision cross-section

temperature, To _- 273°K

internal energy

x-component of velocity

volume per mole

mole fraction

coordinate

general notation meaning Y of y

ionization fraction; ion mass fraction

density

electrical conductivity

Subscripts

c close encounters

d distant encounters

e equilibrium flow quantity

int internal

i, n summation indices

n principal quantum number

pg perfect gas

T stagnation

tr translational

0 frozen flow quantity

Superscripts

0 standard state condition

* sonic conditions
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